In this paper, an improved potential flow model is proposed for the hydrodynamic analysis of ships advancing in waves. A desingularized Rankine panel method, which has been improved with the added effect of nonlinear steady wave-making (NSWM) flow in frequency domain, is employed for 3D diffraction and radiation problems. Non-uniform rational B-splines (NURBS) are used to describe the body and free surfaces. The NSWM potential is computed by linear superposition of the first-order and second-order steady wave-making potentials which are determined by solving the corresponding boundary value problems (BVPs). The so-called mj terms in the body boundary condition of the radiation problem are evaluated with nonlinear steady flow. The free surface boundary conditions in the diffraction and radiation problems are also derived by considering nonlinear steady flow. To verify the improved model and the numerical method adopted in the present study, the nonlinear wave-making problem of a submerged moving sphere is first studied, and the computed results are compared with the analytical results of linear steady flow. Subsequently, the diffraction and radiation problems of a submerged moving sphere and a modified Wigley hull are solved. The numerical results of the wave exciting forces, added masses, and damping coefficients are compared with those obtained by using Neumann-Kelvin (NK) flow and double-body (DB) flow. A comparison of the results indicates that the improved model using the NSWM flow can generally give results in better agreement with the test data and other published results than those by using NK and DB flows, especially for the hydrodynamic coefficients in relatively low frequency ranges.
Introduction
Over the last decades, the rapid development of computing power and the emergence of more sophisticated numerical methods have promoted the applications of numerical methods in ship hydrodynamics problems. Nevertheless, these problems still need to be simplified due to the complexity behind the physical models. It becomes even more complicated when different models need to be coupled, which is for example the case when ship maneuvering in waves is considered.
In the early stage, two-dimensional strip theory was developed as a practical way to evaluate ship hydrodynamic performances [1, 2] . However, relying on the assumption that the ship is a slender body, strip theory is only suitable for low speed and high encounter wave frequency cases. In order to consider more realistic three-dimensional (3D) effects, it is not appropriate to assume that the ship is slender.
In the study of ship hydrodynamics problems, 3D potential flow theory has focused mainly on linear analysis [3] . The theory assumes that the disturbance due to the presence of a ship in waves is relatively small. When using Rankine panel methods, two linearization methods can be distinguished: the Neumann-Kelvin (NK) linearization and the double-body (DB) linearization. The former considers uniform flow as basic flow to linearize the free surface boundary conditions. The latter is essentially based on a slow-ship assumption which obtains the double-body velocity potential by treating the free surface as a rigid horizontal plane and takes the DB flow as basic flow to linearize the free surface boundary conditions. Numerous studies have been published using these two methods. For instance, Kim and Kim [3] presented a study on ship hydrodynamics comparing the NK and DB linearization methods. Similar researches discussing the advantages and disadvantages of these two methods can be found in Zhang et al. [4] , Zhang and Beck [5] , Zhang and Zou [6] . Attempts have also been made to include ship maneuvering in waves in the analysis, e.g., Seo and Kim [7] , Zhang et al. [8] . In their studies, the mean second-order wave force was evaluated by Rankine panel method using NK or DB linearization, which was then treated as the input force in the equations for predicting maneuvering behavior. However, these two linearization methods, as described in [4] , can be justified in the case of a slender ship, but they are not suitable for blunt bodies or ships moving at high speeds [9] . In light of the limitations of the NK and DB linearizations, works addressing ship hydrodynamics by using steady wave-making flow as basic flow for linearization were carried out; e.g., Gao and Zou [10] computed the linear steady wave-making flow beforehand and then applied the results to solve the diffraction and radiation problems. Recently, researchers have considered nonlinear steady flow to study the interactions between the linear periodic waveinduced flow and the nonlinear steady flow caused by the ship's forward speed in calm water, such as the studies by Bunnik [11] , Söding et al. [12] and Chillcce and el Moctar [13] in frequency domain. As for the time domain method, studies can be found in Riesner et al. [14] , Riesner and el Moctar [15] and Chen et al. [9] . Though the transient effect of flow can be investigated in time domain, the boundary integral equation should be solved at each time step, which is more computationally expensive than that with frequency domain method.
In this study, a new model is proposed to compute the ship hydrodynamic forces in the frequency domain. In contrast to other methods, nonlinear steady flow is considered and the interaction between nonlinear steady flow and unsteady flow is considered not only in the body boundary condition, but also in the free surface boundary conditions in the corresponding diffraction and radiation problems. The main objective of this method is to capture the coupling factors as accurately as possible. The boundary value problems (BVPs) for the first-order and second-order steady wave-making potentials are first derived and solved, and the nonlinear steady wave-making (NSWM) potential is then approximated by linear superposition of the first-order and second-order steady wave-making potentials. Subsequently, the wave exciting forces and the radiation forces are evaluated based on the obtained NSWM flow.
A desingularized Rankine panel method with distributed sources at a small distance inside the body and above the free surface [16, 17] is applied to numerically solve the problems. This method has the advantage over conventional boundary integral methods in that it separates the integration surface and the collocation surface, which in turn results in a boundary integral equation with nonsingular kernels. In addition, the second-order or even higher-order derivatives of the velocity potential can be directly evaluated without complicated numerical treatments to eliminate the singularities in the integral equation; thus, the method is faster and easier to implement. In recent years, this method has been extended and applied in the analysis of 2D wave-body interaction problems, such as Feng et al. [18] [19] [20] .
To verify the proposed model, non-uniform rational B-splines (NURBS) are used to generate the mesh both on the body surface and the free surface. The desingularized Rankine panel method is then employed to discretize and solve the boundary integral equation. The mj terms in the body boundary condition are evaluated with nonlinear steady flow, and the free surface boundary conditions in the diffraction and radiation problems are also derived by taking the nonlinear steady flow into account. In order to identify the effects of steady flow on the unsteady flow, the present method is compared with those based on NK and DB linearizations. The computations are carried out for a submerged moving sphere and a modified Wigley hull advancing in head waves. The numerical results including the wave exciting forces, added masses and damping coefficients with the effects of different steady flows are presented. The kinematic and dynamic boundary conditions on the free surface F S :
Mathematical Formulations
where  is the free surface elevation, g is the gravitational acceleration. The subscripts (i.e., t, x0, y0) denote the derivatives with respect to the corresponding variables.
By combining Equation (2) and Equation (3), the following boundary condition on F S is derived:
The boundary condition on the body surface B S :
where n  is the unit normal vector directed inward of the body surface with   
can be written as:
are the spatial parts of the incident, diffraction and radiation velocity potentials, respectively; A is the incoming wave amplitude,
is the amplitude of j -th mode of oscillating motion, and  is the encounter frequency.
Nonlinear Steady Wave-Making (NSWM) Problem
Substituting Equation (7) into Equations (1)-(5), using 
By using Equation (6), the steady hydrodynamic pressure can be obtained from Bernoulli's equation:
The 
By using Equation (6), the steady free surface elevation can be obtained from Equation (3):
The boundary condition Equation (9) is nonlinear. To solve the resulting nonlinear BVP, the velocity potential S  and the free surface elevation S  are expressed by perturbation expansion until second order as:
Substituting Equation (14) into Equations (8)-(10), the BVPs for the first-and second-order steady velocity potentials can be obtained by Taylor expansion on 0 z  and about the mean wetted body surface b S . The BVP for the first-order steady velocity potential is given as:
The BVP for the second-order steady velocity potential is given as:
Diffraction Problem
For the diffraction problem, the ship moves with a constant speed U in waves without oscillations. In deep water, the incident wave velocity potential is given as:
where 0  is the incident wave frequency,
is the wave number,  is the wave angle and    represents head sea condition. The encounter frequency  is defined as:
Substituting Equation (7) into Equations (1) 
The free surface boundary condition on 0 z  :
where RHS  2
The boundary condition on the mean wetted body surface b S :
It is worth noting that in Equation (24), the nonlinear steady potential S  is also considered in the free surface boundary condition.
Once the diffraction potential D  is obtained, the wave exciting forces on the hull can be computed as:
Radiation problem
For the radiation problem, it is assumed that the ship undergoes a harmonic oscillation. Similar to the BVP of diffraction potential, the radiation potential 
xx jx x y jxy jy xy y jy
where the j m terms representing the coupling effect between the steady and unsteady flows are given as:
It is worth noting that the effect of the nonlinear steady potential S  occurs not only in the socalled j m terms in Equation (30), but also in the free surface boundary condition Equation (29).
Once the radiation potential R j  is determined, the added mass kj a and damping coefficient
can be obtained as:
Desingularized Rankine Panel Method
In this paper, a desingularized Rankine panel method is applied, where the Rankine sources are distributed inside the body and above the free surface at a distance d L according to the formula   A suitable radiation condition should be implemented to ensure a unique solution for the specific BVP when using the Rankine source method. Typically, the numerical techniques can be classified as follows: 
The upstream radiation condition [21] : imposing a boundary condition by difference method at the upstream boundary of the truncated free surface to ensure that no scattered waves propagate ahead of the vessel. 
The staggered method [22] : shifting the source points above the free surface a certain distance downstream. 
The fluid domain decomposition method [23] : the flow field is divided into an inner domain and an outer domain by vertical control surfaces, where the Rankine source is adopted in the inner The modified Sommerfeld radiation condition [24, 25] : the modified Sommerfeld radiation condition is adopted by taking account the Doppler shift of the scattered waves at the control surface that truncates the infinite fluid domain. In this study, the radiation condition is satisfied by using the staggered method for its simple implementation and good stability. The raised source points are moved a distance x  toward downstream. The recommended parameter in this study is x    , where  denotes the average longitudinal value between two adjacent collocation points on the free surface. However, it should be noted that this numerical treatment is only valid for steady wave-making problem and the radiation problem with the Brard number = 0.25 U g   
. By using NURBS, the points ( , , )
x y z on the body and free surfaces can be described with parameter coordinate ( , )
u v as:
where ij D are the control points on the body and free surfaces; ij  is the weight;
N v are the B-spline basis functions of k(l)-th order for a given knot sequence
defined as:
According to Green's theorem, the velocity potential ( ) P  in the flow field can be expressed as:
where P is the field point, Q is the source point on the integration surface S , PQ r represents the , the integral equations for the unknown source strengths can be established and solved. The velocity potential on f  and the normal derivative of the velocity potential on b  are calculated by: Discretizing the body surface and the free surface into b N and f N quadrilateral panels respectively, a set of discrete equations can be obtained from the integral equations. From Equation (36) and Equation (37) it follows:
As can be seen from the discrete equations of Equation (38) and Equation (39), the total number of equations is equal to the number of unknowns, i.e., . Therefore, by satisfying the corresponding boundary conditions on the body surface and free surface at the collocation points, a set of linear equations for the unknown source strengths can be obtained. By solving these equations, the source strengths can be determined.
Numerical results and discussions
Two cases are studied: a sphere given by Equation (40), and a Wigley I ship [26] given by Equation (41):
where r is the radius of the sphere and h is the submerged depth; L, B and T are the length, the beam and the draft of the hull respectively. The Wigley I ship has the length to beam ratio 10 L B  and the beam to draft ratio 1.6 B T  . Figure 3 shows the typical panel arrangements of the submerged sphere and the Wigley I ship. In addition, the panel arrangements on the raised plane (cyan) above the free surface are shown. In Figure 3a , the free surface of the computational domain extends to 5.0r upstream, 5.0r sideways and 10.0r downstream. The discretized panels of the sphere and the half width free surface are 21 × 21 and 50 × 16, respectively. In Figure 3b , the free surface of the computational domain extends to 1.0L upstream, 0.75L sideways and 1.5L downstream. The discretized panels of the half Wigley I ship and half width free surface are 30 × 10 and 76 × 19, respectively. 
Results of the NSWM problem
In order to compute the NSWM flow, a submerged moving sphere of [27] . Figure 4 shows the dimensionless nonlinear wave-making resistance coefficient w C and lift force coefficient L C of the sphere, where the "linear" results are obtained by solving the BVP of the first-order steady velocity potential, the "nonlinear" results are obtained from the BVPs of the superposition of the first-order and second-order steady velocity potentials;
As can be seen from Figure 4 , the present results are in good agreement with the analytical results in Wu and Taylor [27] for the linear solution. As can be seen in Figure 4a , the nonlinear results are larger than the linear results when the Froude number is less than a certain threshold value, whereas the situation reverses when it exceeds the threshold. However, a converse trend can be seen for the lift force in Figure 4b . A similar result can also be found in Kim [28] . This may be attributed to the "bow and stern wave-making effect", i.e., when a nonlinear free surface boundary condition is considered, the pressures at the bow and the stern will be different from those when a linear free surface boundary condition is considered. In addition, the differences between the linear and nonlinear results decrease when the submerged depth increases, which demonstrates that the effect of the nonlinear boundary condition on the free surface can be ignored when the submerged depth exceeds a certain value, which is also the case in reality. 
mj-terms
The difficulty in solving a radiation problem lies in the accurate calculation of mj terms, which contain the second-order derivatives of the steady velocity potential in the body boundary condition [29] . In order to calculate the mj-terms to verify the calculation accuracy of the derivatives of the velocity potential on the body surface, the desingularized method is applied to a sphere (
The results of the first-order and second-order derivatives of the velocity potential are shown in Figure 5a -c, and the results of 1 2 , m m are shown in Figure 5d . It shows that the numerical results virtually coincide with the analytical solutions, which demonstrates that the present method is suitable for calculating the first-and second-order derivatives of the velocity potential on the body surface. , which is associated with the radiation condition [10] .
Results of the diffraction problem
Since the critical frequency is =0.2608 c k r for this case, poor accuracy is resulted when the frequency is near the critical frequency. waves, where  is the displacement volume. In order to investigate the influence of different steady flow models on wave exciting forces at various wave frequencies, the results based on the NK, DB and NSWM flows are compared in Figure 6 . From Figure 6 one can observe that the present results obtained based on the three different steady flow models are in favourable agreement with the results obtained by Kara and Vassalos [30] using a 3D time domain method based on a transient free surface Green function, as well as with the experimental results by Journée [26] . In addition, one can also find that the results based on the NSWM flow and other two methods based on the NK and DB flows do not show evident differences, the reasons can be explained as follows: on one hand, though the effect of nonlinear steady flow is considered in the free surface boundary condition Equation (24), the interaction has no relation with the diffraction potential in the body surface boundary condition Equation (25); on the other hand, the small differences can be attributed to the predominant proportion of the Froude-Krylov force in the wave exciting force. Therefore, it can be concluded that the effect of the NSWM potential contributes unremarkably to the wave exciting force. Figure 7 shows the real part of the diffraction wave contour for the submerged sphere ( 
Results of the radiation problem

 
. As it can be seen from these tables, the numerical results based on the NSWM flow agree well with the analytical results in [27] and the numerical results in [10] . It should be noted that the linear steady wave-making potential S  was used to evaluate j m terms in [10] , without considering S  in the free surface boundary condition. From these results, it can be concluded that the effects of the free surface nonlinearities are very weak due to the submerged depth. Table 6 presents the coupling added masses and coefficients. It can be seen that the present results almost show the reverse relations, i.e., 13 13 31 31
, which is consistent with the results in [27] . . As it can be seen in Figure 8 , good agreement is achieved among the present numerical results and the results in [30] using NK flow and a transient free surface Green function method, and the experimental results by Journée [26] . The results based on the NSWM flow show in general better agreement with the experimental results than those obtained using DB and NK flows, especially in the low frequency ranges. However, a remarkable deviation can be observed for the heave damping coefficient in Figure 8b . This is because the uniform flow is taken as the basic flow in the method using NK flow, correspondingly the second-order derivatives of the steady potential S  are neglected in the j m terms. As a result, this treatment cannot accurately reflect the interaction between the steady flow and the unsteady flow in the body surface boundary condition. On the other hand, as explained in [9] , the larger contribution of the steady velocity potential in both the body surface and free surface boundary conditions at low frequencies also leads to relatively larger deviations, but these effects are not fully considered in the method using DB flow. Therefore, the coupling effects between the nonlinear steady flow and the unsteady flow, which are reflected in both the free surface boundary condition and the j m terms in the body surface boundary condition, are quite important for the prediction of hydrodynamic coefficients, especially at low frequencies. Figure 9 shows the real part of the heave radiation wave contour of the sphere ( 
Conclusions
In this paper, a desingularized Rankine panel method based on the NSWM flow is applied for analysis of the hydrodynamic problems of a ship advancing in waves. NURBS are used to describe the body surface and the free surface. The wave exciting forces and the hydrodynamic coefficients are computed by solving the diffraction problem and radiation problem, respectively. A numerical study is carried out for a submerged sphere and a modified Wigley hull advancing in head waves. The numerical results are compared with the analytical solutions as well as other numerical results and experimental results available in literature. The following conclusions can be drawn.
1) The numerical results of the wave exciting forces, added masses and damping coefficients computed using the present numerical method show good agreement with the published numerical and experimental results, which verifies the reliability of the present method. A comparison among the results indicates that the method based on the NSWM flow can generally give better agreement with the experimental and other published results than those based on NK and DB flows, especially for the hydrodynamic coefficients in relatively low frequency ranges.
2) The NSWM potential has an influence on the prediction of the wave exciting forces. However, differences among different steady flow models are not very remarkable due to the dominant proportion of the Froude-Krylov force for the considered cases. The coupling effects between the nonlinear steady flow and the linear unsteady flow are important for the prediction of hydrodynamic coefficients, particularly at low frequencies.
3) Compared with the time domain method, considering the NSWM flow as basic flow can be used as a more practical and faster numerical tool for evaluating the hydrodynamic performances of a ship in the early design stage.
In the present study, the method based on the NSWM flow is only applied for a submerged sphere and a modified Wigley hull. For reliable verification and application of this numerical method, further study on various ship forms needs to be carried out. Besides, in the numerical study, the squat of the hull (i.e., the trim and sinkage) is neglected. For the cases at larger forward speed, the numerical accuracy could be further improved by taking the effects of trim and sinkage into account. In addition, the desingularized Rankine panel method is only applied for the cases of Brard number  larger than 0.25, where the radiation condition is satisfied by the staggered method. For 0.25
 
, more robust methods for satisfying the radiation condition, such as the modified Sommerfeld radiation condition in [24, 25] , should be adopted.These will be the focuses of the future studies. 
